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Preface

In the preface from the 1979 predecessor to this book, Hopcroft and Ullman
marveled at the fact that the subject of automata had exploded, compared with
its state at the time they wrote their first book, in 1969. Truly, the 1979 book
contained many topics not found in the earlier work and was about twice its
size. If you compare this book with the 1979 book, you will find that, like the
automobiles of the 1970's, this book is “larger on the outside, but smaller on
the inside.” That sounds like a retrograde step, but we are happy with the
changes for several reasons.

First, in 1979, automata and language theory was still an area of active
research. A purpose of that book was to encourage mathematically inclined
students to make new contributions to the field. Today, there is little direct
research in automata theory (as opposed to its applications), and thus little
motivation for us to retain the succinct, highly mathematical tone of the 1979
book.

Second, the role of automata and language theory has changed over the
past two decades. In 1979, automata was largely a graduate-level subject, and
we imagined our reader was an advanced graduate student, especially those
using the later chapters of the book. Today, the subject is a staple of the
undergraduate curriculum. As such, the content of the book must assume less
in the way of prerequisites from the student, and therefore must provide more
of the background and details of arguments than did the earlier book.

A third change in the environment is that Computer Science has grown to
an almost unimaginable degree in the past two decades. While in 1979 it was
often a challenge to fill up a curriculum with material that we felt would survive
the next wave of technology, today very many subdisciplines compete for the
limited amount of space in the undergraduate curriculum.

Fourthly, CS has become a more vocational subject, and there is a severe
pragmatism among many of its students. We continue to believe that aspects
of automata theory are essential tools in a variety of new disciplines, and we
believe that the theoretical, mind-expanding exercises embodied in the typical
automata course retain their value, no matter how much the student prefers to
learn only the most immediately monetizable technology. However, to assure
a continued place for the subject on the menu of topics available to the com-
puter sciénce student, we believe it is necessary t0 emphasize the applications
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along with the mathematics. Thus, we have replaced a number of the more
abstruse topics in the earlier book with examples of how the ideas are used
today. While applications of automata and language theory to compilers are
now 8o well understood that they are normally covered in a compiler course,
there are a variety of more recent uses, including model-checking algorithms
to verify protocols and docnment-description languages that are patterned on
context-free grammars.

A final explanation for the simultaneous growth and shrinkage of the book
is that we were today able to take advantage of the TEX and TATFX typesetting
systems developed by Don Knuth and Les Lamport. The latter, especially,
encourages the “open” style of typesetting that makes books larger, but easier
to read. We appreciate the eflorts of both men.

Use of the Book

This book is suitable for a quarter or semester course at the Junior level or
above. At Stanford, we have used the notes in 8154, the course in automata
and language theory. Tt is a one-quarter course, which both Rajeev and Jeff have
taught. Because of the limited time available, Chapter 11 is not covered, and
some of the later material, such as the more difficult polynomial-time reductions
in Section 10.4 are omitted as well. The book’s Web site (see below) inclides
notes and syllabi for several offerings of C5154.

Some years ago, we found that many graduate students came to Stanford
with a course in automata theory that did not include the theory of intractabil-
ity. As the Stanford faculty believes that these ideas are essential for every
computer scientist to know at more than the level of “NP-complete means it
takes too long,” there is another course, C5154N, that students may take to
cover only Chapters 8, 9, and 10. They actually participate in roughly the last
third of CS154 to fulfill the CS154N requirement. Even today, we find several
students each quarter availing themselves of this option. Since it requires little
extra effort, we recommend the approach.

Prerequisites

To make best use of this book, students should have taken previously a course
covering discrete mathematics, e.g., graphs, trees, logic, and proof techniques.
We assume also that they have had several courses in programming, and are
familiar with common data structures, recursion, and the role of major system
components such as compilers. These prerequisites should be obtained in a
typical freshman-sophomore CS program.



Exercises

The book contains extengive exercises, with some for almost every section. We
indicate harder exercises or parts of exercises with an exclamation point. The
hardest exercises have a double exclamation peint.

Some of the exercises or parts are marked with a star. For these exercises,
we shall endeavor to maintain solutions accessible through the book’s Web page.
These solutions are publicly available and should be used for seif-testing. Note
that in a few cases, one exercise B asks for modification or adaptation of your
solution to another exercise A. If certain parts of A have solutions, then you
should expect the corresponding parts of B to have solutions as well.

Support on the World Wide Web

The book’s home page is
http://www-db.stanford.edn/ ullman/ialc.html

Here are solutions to starred exercises, errata as we learn of them, and backup
materials. We hope to make available the notes for each offering of CS154 as
we teach it, including homeworks, solutions, and exams.
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Chapter 1

Automata: The Methods
and the Madness

Automata theory is the study of abstract computing devices, or “machines.”
Before there were computers, in the 1930%s, A. Turing studied an abstract ma-
chine that had all the capabilities of today’s computers, at least as far as in
what they could compute. Turing’s goal was to describe precisely the boundary
between what a computing machine could do and what it could not do; his
conclusions apply not only to his abstract Turing machines, but to today’s real
machines.

In the 1940°s and 1930’s, simpler kinds of machines, which we today call
“finite autnmata,” were studied by a number of rescarchers. These automata,
originally proposed to wmodel brain function, turned oui to be extremely useful
for a variety of other purposes, which we shall mention in Section 1.1. Also in
the late 1950°s, the linguist N. Chomsky began the study of formal “grammars.”
While not strictly machines, these grammars have close relationships to abstract
automata and scrve today as the basis of some important software components,
including parts of compilers.

In 1969, S. Cook extended Turing's study of what counld and what could
not be computed. Cook was able to separate those problems that can be solved
efficiently by computer from those problems that can in principle be solved, but
in practice take so much time that computers are useless for all but very small
instances of the problem. The latter class of problems is called “intractable,”
or “NP-hard.” Tt is highly unlikely that even the exponential improvement in
computing speed that computer hardware has been following (“Moore’s Law™)
will have significant impact on our ability 1o solve large instances of intractable
problems.

All of these theoretical developments bear directly on what computer sclen-
tists do today. Some of the concepts, like finite automata and certain kinds of
formal grammars, are used in the design and construction of important kinds
of software. Other concepts, like the Turing machine, help us understand what
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we can expect from our software. Especially, the theory of intractable problems
lets us deduce whether we are likely to be able to meet a problem “head-on”
and write a program to solve it (because it is not in the intractable class), or
whether we have to find some way to work around the intractable problem:
find an approximation, use a heuristic, or use some other method to limit the
amount of time the program will spend solving the problem.

In this introductory chapter, we begin with a very high-level view of what
automata theory is about, and what its uses are. Much of the chapter is de-
voted to a survey of proof techniques and tricks for discovering proofs. We cover
deductive proofs, reformulating statements, proofs by contradiction, proofs by
induction, and other impertant concepts. A final section introduces the con-
cepts that pervade automata theory: alphabets, strings, and languages.

1.1 Why Study Automata Theory?

There arc several reasons why the study of automata and complexity is an
important part of the core of Computer Science. This scction serves to introduce
the reader to the principal motivation and also outlines the major topics covered
in this book.

1.1.1 Introduction to Finite Automata

Finite automata are a usceful model for many important kinds of hardware and
software. We shall see, starting in Chapter 2, examples of low the concepts are
used. For the moment, let us just list some of the most important kinds:

1. Software for designing and checking the behavior of digital circuits.

2. The “lexical analyzer” of a typical compiler, that is, the compiler com-
ponent that breaks the input text into logical units, such as identifiers,
keywords, and punctuation.

3. Software for scanning large bodies of text, such as collections of Web
pages, to find occurrences of words, phrases, or other patterns.

4. Software for verifying systems of all types that have a finite number of
distinct states, such as communications protocels or protocols for secure
exchange of information.

While we shall soon meet a precise definition of automata of various types,
let us begin our informal introduction with a sketch of what a finite automaton
is and does. There are many systems or components, such as those enumerated
above, that may be viewed as being at all times in one of a finite number
of “states.” The purpose of a state is to remember the relevant portion of the
system’s history. Since there are only a finite number of states, the entire history
generally cannot be remembered, so the system must be designed carefully, to
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remember what is important and forget what is not. The advantage of having
only a finite number of staies is that we can implement the system with a fixed
set of resources. For example, we could implement it in hardware as a circuit, or
as a simple form of program that can make decisions looking only at a limited
amount of data or using the position in the code itself to make the decision.

Exammple 1.1: Perhaps the simplest nontrivial finite automaton is an on/off
switch. The device remembers whether it is in the “on” state or the “off” state,
and it allows the user to press a button whose effect is different, depending on
the state of the switch. That is, if the switch is in the off state, then pressing
the button changes it to the on state, and if the switch is in the on state, then
pressing the same button turns it to the off state.

Push

e ()

Push
Figure 1.1: A finite automaton modeling an on/off switch

The finite-automaton model for the switch is shown in Fig. 1.1. As for all
finite automata, the states are represented by circles; in this example, we have
named the states on and off. Arcs between states are labeled by “inputs,” which
represent external influences on the system. Here, both arcs are labeled by the
input Push, which represents a user pushing the button. The intent of the two
arcs is that whichever state the system is in, when the Push input is received
it goes to the other state.

One of the states is designated the “start state,” the state in which the
system is placed initially. In our example, the start state is off, and we conven-
tionally indicate the start state by the word Start and an arrow leading to that
state.

It is often necessary to indicate one or more states as “final” or “accepting”
states. Entering one of these states after a sequence of inputs indicates that
the input sequence is good in some way. For instance, we could have regarded
the state on in Fig. 1.1 as accepting, because in that state, the device being
controlled by the switch will operate. It is conventional to designate accepting
states by a double circle, although we have not made any such designation in
Fig. 1.1. O

Example 1.2: Sometimes, what is remembered by a state can be much more
complex than an on/off choice. Figure 1.2 shows another finite automaton that
could be part of a lexical analyzer. The job of this automaton is to recognize
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the keyword then. It thus needs five states. each of which represents a different
position in the word then that has been reached so far. These positions corre-
spond to the prefixes of the word, ranging from the empty string (i.e., nothing
of the word has heen seen so far) to the complete word.

Start

Figure 1.2: A finite automaton modeling recognition of then

In IFig. 1.2, the five states are named by the prefix of then seen so far. Inputs
correspond to letters. We may imagine that the lexical analyzer examines one
character of the program that it is compiling at a time, and the next character
to be cxamined is the input to the automaton. The start state corresponds to
the enmipty string, and each state has a transition on the next letter of then to
the state that corresponds to the next-larger prefix. The state named then is
entered when the input has spelled the word then. Since it is the job of this
automaton to recognize when then has been seen, we could consider that state
the lone accepting state. O

1.1.2 Structural Representations

There are two important notations that are not automaton-like, but play an
important role in the study of automata and their applications.

1. Grammaers are useful models when designing software that processes data
with a recursive structure. The best-known example is a “parser,” the
component of a compiler that deals with the recursively nested features
of the typical programming language, such as expressions — arithmetic,
conditional, and s0 on. For instance, a grammatical rule like £ = E+ F
states that an expression can be formed by taking any two expressions
and connecting them by a plus sign; this rule is typical of how expressions
of real programnming languages are formed. We introduce context-free
grammars, as they are usually called, in Chapter 5.

2. Regular Eapressions also denote the structure of data, especially text
strings. As we shall see in Chapter 3, the patterns of strings they describe
are exactly the same as what can be described by finite automata. The
style of these expressions differs significantly from that of grammars, and
we shall content ourselves with a simple example here. The UNIX-style
regnlar expression ? [A-Z] [a-z]*[ 1[A-Z] [A-Z]’ represents capitalized
words followed by a space and two capital leiters. This expression rep-
resents patterns in text that could be a city and state, e.g., Ithaca NY,
It misses multiword city names, such as Palo Alto CA, which could be
captured by the more complex expression
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*([A-Z] [a-z]*1 1) =[ J[A-Z]1[A-Z]’

When interpreting such expressions, we only need to know that [A-Z]
represents a range of characters from capital “A” to capital “Z" (i.e., any
capital letter), and [ ] is used to represent the blank character alone.
Also, the symbol * represents “any number of” the preceding expressiorn.
Parentheses are used to group components of the expression; they do not
represent characters of the text described.

1.1.3 Automata and Complexity

Automata are essential for the study of the limits of computation. As we
mentioned in the introduction to the chapter, there are two important issues:

1. What can a computer do at all? This study is called “decidability,” and
the problems that can be solved by computer are called “decidable.” This
topic is addressed in Chapter 9.

2. What can a computer do efficiently? This study is called “intractabil-
ity,” and the problems that can be solved by a computer using no more
time than some slowly growing function of the size of the input are called
“tractable.” Often, we take all polynomial functions to be “slowly grow-
ing,” while functions that grow faster than any polynomial are deemed to
grow too fast. The subject is studied in Chapter 10.

1.2 Introduction to Formal Proof

If you studied plane geometry in high school any time before the 1990’s, you
most likely had to do some detailed “deductive proofs,” where you showed
the truth of a statement by a detailed sequence of steps and reasons. While
geometry has its practical side {e.g., yon need to know the rule for computing
the area of a rectangle if you need to buy the correct amount of carpet for a
room), the study of formal proof methodologies was at least as important a
reason for covering this branch of mathematics in high school.

In the USA of the 1990’5 it became popular to teach proof as a matter
of personal feelings about the statement. While it 18 good to feel the truth
of a statement you need to use, important techniques of proof are no longer
mastered in high school. Yet proof is something that every computer scientist
needs to understand. Some computer scientists take the extreme view that a
formal proof of the correctness of a program should go hand-in-hand with the
writing of the program itself. We doubt that deing so is productive. On the
other hand, there are those who say that proof has no place in the discipline of
programming. The slogan “if you are not sure your program is correct, run it
and see” is commonly offered by this camp.
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Qur position is between these two extremes. Testing programs is surely
essential. However, testing goes only so far, since you cannot try your program
on every input. More importantly, if your program is complex -— say a tricky
recursion or iteration — then if you don’t understand what is going on as you
go around a loop or call a function recursively, it is unlikely that you will write
the code correctly. When your testing tolls you the code is incorrect, you still
need to get it right.

To make your iteration or recursion correct, vou need to set up an inductive
hypothesis, and it is helpful to reasen, formally or informally, that the hypoth-
esis is consistent with the iteration or recursion. This process of understanding
the workings of a correct program is essentially the same as the process of prov-
ing theorems by induction. Thus, in addition to giving you models that are
useful for certain types of software, it has become traditional for a course on
automata theory 1o cover mothodologies of formal proof. Perhaps more than
other core subjects of computor science, automata theory lends itself to natural
and interesting proofs, both of the deductive kind (a sequence of justified steps)
and the inductive kind (recursive proofs of a parameterized statement that use
the statement iself with “lower” values of the parameter).

1.2.1 Deductive Proofs

As mentioned above, a deductive proof consists of a sequence of statements
whose truth leads us from some initial statement, called the hypothesis or the
given slatement{s), to a conclusion statement. Each step in the proof must
follow, by some accepted logical principle, from either the given facts, or some
of the previous statements in the deductive proof, or a combiuation of these.

The hypothesis may be true or false, typically depending on values of its
parameters. Often, the hypothesis consists of several independent statements
connected by a logical AND. In those cases, we talk of each of these statements
as a hypothesis, or as a given statement.

The theorem that is proved when we go from a hypothesis H to a conclusion
C'is the statement “if H then C.* We say that C is deduced from H. An example
thegrem of the form “if H then €7 will lllustrate these points.

Theorem 1.3: If # > 4, then 2* > 2. O

It is not hard to convince ourselves informally that Theorem 1.3 is true,
although a formal proof requires induction and will be left for Example 1.17.
First., notice that the hypothesis H is “z > 4. This hypothesis has a parameter,
x, and thus is neither true nor false. Rather, its truth depends on the value of
the parameter z; e.g., H is true for + = 6 and false for = = 2.

Likewise, the conclusion C is “2% > z2.” This statement also uses parameter
x and is true for certain values of z and not others. For example, € is false for
xr = 3, since 2% = 8, which is not as large as 32 = 9. On the other hand, C is
true for x = 4, since 2* = 42 = 16. For & = 5, the statement is also true, since
2% = 32 is at least as large as 5% = 25.
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Perhaps you can see¢ the intuitive argument that tells us the conclusion
2* > z? will be true whenever z > 4. We already saw that it is true for » = 4.
As x grows larger than 4, the left side, 2* doubles each time z increases by

1. However, the right side, &2, grows by the ratio (iﬂ)z If + > 4, then

it
(z 4+ 1}/x cannot be greater than 1.25, and therefore (f—x"—l)g cannot be bigger
than 1.5625. Since 1.5625 < 2, each time r increases above 4 the left side 2°
grows more than the right side 22. Thus, as long as we start from a value like
z = 4 where the inequality 2° > z? is already satisficd, we can increase » as
much as we like, and the inequality will still be satisfied.

We have now completed an informal but accurate proof of Theorem 1.3. We
shall return to the proof and make it more precise in Example 1.17, after we
introduce “inductive” proofs.

Theorem 1.3, like all interesting theorems, involves an infinite number of
related facts, in this case the statement “if z > 4 then 2° > z?” for all integers
z. In fact, we do not need to assume « is an integer, but the proof talked about
repeatedly increasing r by 1. starting at £ = 4, so we really addressed only the
situation where z is an integer.

Theorem 1.3 can be used to help deduce other theorems. In the next ex-
ample, we consider a complete deductive proof of a simple theorem that uses
Theorem 1.3.

Theorem 1.4: If z 1s the sum of the squares of four positive integers, then
2% > g2

PROOF: The intuitive idea of the proof is that if the hypothesis is true for z,
that is, z is the sum of the squares of four positive integers, then z must be at
least 4. Thercfore, the hypothesis of Theorem 1.3 holds, and since we beliove
that theorem, we may state that its conclusion is also truc for . The reasoning
can be expressed as a sequence of steps. Each step is either the hypothesis of
the theorem to be proved, part of that hypothesis, or a statement. that follows
from one or more previous statements.

By “foltows” we mean that if the hypothesis of some theorem is a previous
statement, then the conclusion of that theorem is true, and cau be written down
as a statement of our proof. This logical rule is often called modus ponens; ie.,
if we know H is true, and we know “if H then C” is true, we may conclude
that C' is true. We also allow certain other logical steps to be used in creating
a statement that follows from one or more previous statements. For instance,
if A and B are two previous statements, then we can deduce and write down
the statement “4 and B.”

Figure 1.3 shows the sequence of statements we need to prove Theorem 1.4.
While we shall not generally prove theorems in such a stylized form, it helps to
think of proofs as very explicit lists of statements, each with a precise justifica-
tion. In step (1), we have repeated one of the given statements of the theorem:
that z is the sum of the squares of four integers: It often helps in proofs if we
name quantitics that are referred to but not named, and we have done so here,
giving the four integers the names a. b, ¢, and d.
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| | Statement Justification |
Liz=a"+b +2+d& Given
Zlaezlib>2le>1l;d2>1 Given
3.|a*> ;8" >1;¢7 > 1;d* > 1 | (2) and properties of arithmetic
4. |z >4 (1), (3), and properties of arithmetic
5. | 27 > z? (4) and Theorcm 1.3

Figure 1.3: A formal proof of Theorem 1.4

In step (2), we put down the other part of the hypothesis of the theorem:
that the values being squared are each at least 1. Technically, this statement
represents four distinet statements, one for each of the four integers involved.
Then, in step (3) we observe that if a number is at least 1, then its square is
also at least 1. We use as a justification the fact that statement (2) holds, and
“properties of arithmetic.” That is, we assume the reader knows, or can prove
simple statements about how inequalities work, such as the statement “if y > 1,
then y? > 1.7

Step (4) uses statements (1) and (3). The first statement tells us that z is
the sum of the four squares in question, and statement (3) tells us that each of
the squares is at least 1. Again using well-known properties of arithmetic, we
conclude that z is at least 1+ 141+ 1, or 4.

At the final step (5), we use staternent (4), which is the hypothesis of Theo-
rem 1.3. The theorem itself is the justification for writing down its conclusion,
since its hypothesis is a previous statement. Since the statement (5) that is
the conclusion of Theorem 1.3 is also the conclusion of Theorem 1.4, we have
now proved Theorem 1.4. That is, we have started with the hypothesis of that
theorem, and have managed to deduce its conclusion. [

1.2.2 Reduction to Definitions

In the previous two theorems, the hypotheses used terms that should have
been familiar: integers, addition, and multiplication, for instance. In many
other theorems, including many from automata theory, the terms used in the
statement may have implications that are less obvious. A useful way to proceed
in many proofs is:

¢ If you arc not sure how to start a proof, convert all terms in the hypothesis
to their definitions.

Here is an example of a theorem that is simple to prove once we have ex-
pressed its statement in elementary terms. It uses the following two definitions:

1. A set S is finite if there exists an integer n such that § has exactly n
elements. We write ||S|| = n, where ||S]| is used to denote the number
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of elements in a set S. If the set S is not finite, we say S is infinile.
Intuitively, an infinite set is a set that contains more than any integer
number of clements.

9. If 8 and T are both subsets of some set I, then T is the complement of 5
(with respect to U) if SUT = U and SN T = §. That is, each element
of U is in exactly one of S and T; put another way, T consists of exactly
those elements of U that are not in S.

Theorem 1.5: Let S be a finite subset of some infinite set If. Let T be the
complement of .S with respect to U. Then T is infinite.

PROOF: Intuitively, this theorem says that if you have an infinite supply of
something (U/), and you take a finite amount away {5), then you still have an
infinite amount left. Let us begin by restating the facts of the theorem as in
Fig. 1.4.

| Original Statement New Statement |
S is finite There is a integer n
such that ||S]| =n
U is infinite For no integer p
s Ul =p
T is the complement of § | SUT =U and SNT =0

Figure 1.4: Restating the givens of Theorem 1.5

We are still stuck, so we need to usc a comttmon proof technique called “proof
by contradiction.” In this proof method, to be discussed further in Section 1.3.3,
we assumne that the conclusion is false. We then use that assumption, together
with parts of the hypothesis, to prove the opposite of one of the given statements
of the hypothesis. We have then shown that it is impossible for all parts of the
hypothesis to be true and for the conclusion to be false at the same time.
The only possibility that remains is for the conclusion to be true whenever the
hypothesis is true. That is, the theorem is true.

In the case of Theorem 1.5, the contradiction of the conclusion is “T is
finite.” Let us assume T is finite, along with the statement of the hypothesis
that says S is finite; i.e., ||S|| = n for some integer n. Similarly, we can restate
the assumption that T is finite as |{|T"|| = m for some integer .

Now one of the given statements tells us that SUT =U,and SN T = .
That is, the elements of U are exactly the elements of S and T. Thus, there
must be n + m elements of U. Since n + m is an integer, and we have shown
U} = n+m, it follows that U is finite. More precisely, we showed the number
of elements in U is some integer, which is the definition of “finite.” But the
statement that I/ is finite contradicts the given statement. that [/ is infinite. We
have thus used the contradiction of our conclusion to prove the contradiction



10 CHAPTER 1. AUTOMATA: THE METHODS AND THE MADNESS

of one of the given statements of the hypothesis, and by the principle of “proof
by contradiction” we may conclude the theorem is true. O

Proofs do not have to be so wordy. Having seen the ideas behind the proof,
let us reprove the theorem in a few lines.

PROOF: (of Theorem 1.5) We know that SUT = U and S and T are digjoint,
so [|S)|+ 12} = IU||. Siuce S is finite, ||| = = for some integer 1, and since U
is infinite, there is no integer p such that ||I7|| = p. So assume that T is finite;
that is, ||| = m for some integer m. Then ||U| = ||S|| + ||T|| = = + m, which
contradicts the given statement that there is no integer p equal to ||I/|]. O

1.2.3 Other Theorem Forms

The “if-then” form of theorem is most common in typical areas of mathematics.
However, we see other kinds of statements proved as theorems also. In this
section, we shall examine the most common forms of statement and what we
usually need to do to prove them.

Ways of Saying “If-Then”

First, there are a number of kinds of theorem statemments that look different
from a simple “if H then ¢ form, but are in fact saying the same thing: if
hypothesis H is true for a given value of the parameter(s), then the conclusion
C is true for the same value. Here are some of the other ways in which “if H
then C might appear.

1. H implies €.

2. H only if C.

3. CitH.

4. Whenever H holds, C follows.

We also see many variants of form {4), such as “if H holds, then C follows,” or
“whenever H holds, € holds.”

Example 1.6: The statement of Theorem 1.3 would appear in these four forms
as:

1. 2 > 4 implies 2% > z2,
2. = > 4 only if 2% > 22,
3.22> 42 if g > 4.

4. Whenever ¢ > 4, 2° > z? follows.
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Statements With Quantifiers

Many theorems involve statements that use the guantifiers “for all” and
“there exists,” or similar variations, such as “for every” instead of “for all.”
The order in which these quantifiers appear affects what the statement
means. It is often helpful to see statements with more than one quantifier
as a “game” between two players — for-all and there-exists — who take
turns specifving values for the parameters mentioned in the theorem. “For-
all” must consider all possible choices, so for-all’s choices arc generally left
as variables. However, “there-exists” only has to pick one value, which
may depend on the values picked by the players previously. The order in
which the quantifiers appear in the statement determines who gocs first.
If the last player to make a choice can always find some allowable value,
then the statement is true.

For example, consider an alternative definition of “infinite set™: set S5
is infinite if and only if for all integers n, there exists a subset T of S with
exactly n members. Here, “for-all” precedes “there-exists,” so we must
consider an arbitrary integer n. Now, “there-exists™ gets {o pick a subsct
T, and may use the knowledge of n to do so. For instance, if § were the
set, of integers, “there-exists” could pick the subset T = {1,2,....n} and
thereby succeed regardless of n. That is a proof that the set of integers is
infinite.

The following statement looks like the definition of “infinite,” but is
incorrect because it reverses the order of the quantifiers: “there exists a
subset T of set § such that for all n, set T has exactly n members.” Now,
given a set S such as the integers, player “there-exists” can pick any set
T; say {1,2,5} is picked. For this choice, player “for-all” must show that
T has n members for every possible n. However, “for-all” cannot do so.
For instance, it is false for n = 4, or in fact for any n # 3.

In addition, in formal logic one often sees the operator —+ in place of “if-
then.” That is, the statement “if H then C™ could appear as H — ' in some
mathematical literature; we shall not use it hete.

If- And-Only-If Statements

Sometimes, we find a staternent of the form “A if and only if B.” Other forms
of this statermnent are “A iff B,"! “4 is equivalent to B,” or “4 exactly when
B.” This statement is actually two if-then statements: “if A then B and *“if
B then A.” We prove “A if and only if B” by proving these two staternents:

YT, short for “if and only if,” ia a non-word that is used in some mathematical trealises
for succinctness.
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How Formal Do Proofs Have to Be?

The answer to this question is not easy. The bottom line regarding proofs
is that their purpose is to convince someone, whether it is a grader of your
clagswork or yourself, about the correctness of a strategy you are using in
your code. If it is convincing, then it is enough; if it fails to convince the
“consunier” of the proof, then the proof has left out too much.

Part of the uncertainty regarding proofs comes from the different
knowledge that the consumer may have. Thus, in Theorem 1.4, we as-
sumed you knew all about arithmetic, and would belicve a statement like
“if y > 1 then % > 1. 1f vou were not familiar with arithmetic, we would
have to prove that statement hy some steps in our deduactive proof.

However, there are certain things that are required in proofs, and
omitting them surcly makes the proof inadequate. For instance, any de-
ductive proof that nses statements which are not justified by the given or
previous statements, cannot be adequate. When doing a proof of an “if
and only if” statement, we must surely have one proof for the “if” part and
another proof for the “only-if” part. As an additional example, inductive
proofs (discussed in Scetion 1.4) require proofs of the basis and induction
parts.

1. The if part: if B then A,” and

2. The only-if part: “if 4 then B, which is often stated in the equivalent
form “4 only if B.”

The proofs can be presented in either order. In many theorems, one part is
decidedly easier than the other, and it is customary to present the easy direction
first and get it out of the way.

In formal logic. one may see the operator ¢ or = to denote an “if-and-only-
if* staternent. That is, 4 = B and A + B mean the same as “A if and only if
B.!!

When proving an if-and-only-if statement, it is important to remember that
you must prove both the “if” and “only-if” parts. Sometimes, you will find it
helpful to break an if-and-only-if into a succession of several equivalences. That
is, to prove * 4 if and only if 13, you might first prove “4 if and only if C,* and
then prove *C if and only if B.” That method works, as long as you remember
that cach if-and-only-if step must be proved in both directions. Proving any
on¢ step in only one of the directions invalidates the entire proof.

The following is an example of a simple if-and-only-if proof. It uses the
nolations:

1. |z], the floor of real number z, is the greatest integer equal to or less than
T,
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2. [z}, the ceiling of real number z, is the least integer equal to or greatcr
than z.

Theorem 1.7: Let z be a real number. Then |z] = [2] if and only if x is an
integer.

PROOF: (Only-if part) In this part, we assume |z| = [z] and try to prove z is
an integer. Using the definitions of the floor and ceiling, we notice that [z] < z,
and [z] > z. However, we are given that |z]| = [z]. Thus, we may substitute
the floor for the ceiling in the first inequality to conclude [z] < . Since
both [z] < z and [z] > z hold, we may conclude by properties of arithmetic
inequalities that [z] = z. Since [z] is always an integer, * must also be an
integer in this case.

(If part) Now, we assume z is an integer and try to prove |z| = [x]. This part
is easy. By the definitions of floor and ceiling, when x is an integer, both [z]
and {z] are equal to z, and therefore equal to each other. O

1.2.4 Theorems That Appear Not to Be If-Then
Statements

Sometimes, we encounter a theorem that appears not to have a hypothesis. An
example is the well-known fact from trigonometry:

Theorem 1.8: sin8 +cos?8=1. O

Actually, this statement does have a hypothesis, and the hypothesis consists
of all the statements you need to know to interpret the statement. In particular,
the hidden hypothesis is that 8 is an angle, and therefore the functions sine
and cosine have their usual meaning for angles. From the definitions of these
terms, and the Pythagorean Theorem (in a right triangle, the square of the
hypotenuse equals the sum of the squares of the other two sides), you could
prove the theorem. In essence, the if-then form of the theorem is really: “if 8
is an angle, then sin®§ + cos®@ = 1.”

1.3 Additional Forms of Proof

In this section, we take up several additional topics concerning how to construct
proofs:

1. Proofs about sets.
2. Proofs by contradiction.

3. Proofs by counterexample.
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1.3.1 Proving Equivalences About Sets

In automata theory, we are frequently asked to prove & theorem which says that
the sets constructed in two different ways are the same sets. Often, these sets
are sets of character strings, and the sets are called “lunguages,” but in this
section the nature of the sets is unimportant. If £ and F are two expressions
representing sets, the statement £ = F' means that the two sets represented
are the same. More precisely, every element in the set represented by F is in
the set represented by F', and every element in the set represented by F is in
the set represented hy E.

Example 1.9: The commutoetive low of union says that we can take the union
of two sets R and § in either order. That is, R U S = 5 U R. In this case, E is
the expression £ U S and F is the expression S U R. The commutative law of
union says that £ =F. O

We can write a set-equality E = F as an if-and-only-if statement: an element
x1sin F if and only if  is in F. As a conscquence, we see the outline of a
preof of any statement that asserts the equality of two sets F = F; it follows
the form of any if-and-only-if proof:

1. Proof that if z is in E, then z is in F.
2. Prove that if z is in F, then z is in F.

As an example of this proof process, let us prove the distributive law of
union over interseclion:

Theorem 1.10: RU(SNT)=(RUS)N(RUT).
PROOF: The two set-expressions involved are E = RU (SN T) and
F={(RUS)N(RUT)

We shall prove the two parts of the theorem in turn. In the “if” part we assumc
clement z is in £ and show it is in ', This part, summarized in Fig. 1.5, uses
the definitions of union and intersection, with which we assume vou are familiar.

Then, we must prove the “only-if” part of the theorem. Here, we assume
is in ' and show it is in E. The steps are summarized in Fig. 1.6. Since we
have now proved both parts of the if-and-only-if statement, the distributive law
of union over intersection is proved. O

1.3.2 The Contrapositive

Every if-then statement has an equivalent form that in some circumstances is
easier to prove. The contrapositive of the statement “if H then ¢ is “if not ¢
then not H." A statement and its contrapositive are either both true or both
false, so we can prove either to prove the osher,

‘To see why “if H then ¢ and “if not C' then not H™ are logically equivalent,
first observe that there are four cases to consider:



1.3. ADDITIONAL FORMS OF PROOF 15

| | Statement Justification |
1. |zisin RU(SNT) Given
2. |zisin Rorzisin SNT | (1) and definition of union
3. |zisin Rorzisin (2) and definition of intersection
both § and T

4 | xisin RUS (3) and definition of union
zisin RUT (3) and definition of nnion
6. | zisin (RUSYN(RUT) | {4), (5}, and definition

of intersection

o

Figure 1.5: Steps in the “if” part of Theorem 1.10

| | Statement Justification
l.|zisin (RUSYN{RULT) | Given
2.|zisin RUS (1) and definition of intersection
3 |zisinRUT (1) and definition of intersection
4. | zisin Rorzisin (2), (3), and reasoning

both § and T about unions

5 |zisin Rorzisin SNT | (4) and definition of intersection
6. | zisin RU{SNT) (5) and definition of union

Figure 1.6: Steps in the “only-if” part of Theorem 1.10

1. H and C both true.
2. H true and C false.
3. ¢ true and H false.

4. H and C both false.

There is only one way to make an if-then statement false; the hypothesis must
be true and the conclusion false, as in case (2}. For the other three cases,
including case (4) where the conclusion is false, the if-then statement itself is
true.

Now, consider for which cases the contrapositive “if not € then not H" is
false. In order for this statement to be false, its hypothesis (which is “not C”)
must be true, and its conclusion (which is “not H™) must be false. But “not
C” is true exactly when C is false, and “not H” is false exactly when H is true.
These two conditions are again case {2), which shows that in each of the four
cases, the original statement and its contrapositive are either both true or both
false; i.¢., they are logically equivalent.
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Saying “If-And-Only-If” for Sets

As we mentioned, theorems that state equivalences of expressions about
sets are if-and-only-if statements. Thus, Theorem 1.10 could have been
stated: an element z is in R U (S N T) if and only if  is in

(RUS)N{RUT)

Another common expression of a set-equivalence is with the locution
“all-and-only.” For instance, Theorem 1.10 could as well have been stated
“the elements of R U (SN T) are all and only the elements of

(RuSIN(RuUT)

The Converse

Do not confuse the terms “contrapositive” and “converse.” The converse
of an if-then statement is the “other direction”; that is, the converse of “if
H then ¢ is %if C then H.” Unlike the contrapositive, which is logically
equivalent to the original, the converse is not equivalent to the original
statement. In fact, the two parts of an if-and-only-if proof are always
some statement and its converse.

Example 1.11: Recall Theorem 1.3, whose statement was: “if £ > 4, then
2¢ > 22" The contrapositive of this statement is “if not 2 > 22 then not
z > 4. In more colloquial terms, making use of the fact that “not @ > V" is
the same as @ < b, the contrapositive is “if 2° < z® then z < 4.” O

When we are asked to prove an if-and-only-if theorem, the use of the con-
trapositive in one of the parts allows us several options. For instance, suppose
we want to prove the set equivalence E = F. Instead of proving “if z is in E
then z is in F and if ¢ is in F then z is in E,” we could also put one direction
in the contrapositive. One equivalent proof form is:

e Ifzisin F then z isin F, and if = is not in F then 2 is not in F.

We could also interchange E and F in the statement above.

1.3.3 Proof by Contradiction

Another way to prove a statement of the form “if H then C” is to prove the
statement,
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» “H and not € implies falsehood.”

That is, start by assuming both the hypothesis H and the negation of the
conclusion €. Complete the proof by showing that something known to be
false follows logically from H and not C. This form of proof is called pronf by
contradiction.

Example 1.12: Recall Theorem 1.5, where we proved the if-then statement
with hypothesis H = “U is an infinite set, S is a finite subset of U, and T is
the complement, of S with respect to U.” The conclusion C' was “T is infinite.”
We proceeded to prove this theorem by contradiction. We assumed “not C7;
that is, we assumed 7' was finite.

Our proof was to derive a falsehood from H and not C. We first showed
from the assumptions that S and T are both finite, that U also must be finite.
But since U is stated in the hypothesis H to be infinite, and a set cannot be
both finite and infinite, we have proved the logical statement “false.” In logical
terms, we have both a proposition p (U is finite) and its negation, not p (U
is infinite). We then use the fact that “p and not p” is logically equivalent to
“false.” O

To see why proofs by contradiction are logically correct, recall from Sec-
tion 1.3.2 that there arc four combinations of truth values for H and C. Only
the second case, H truc and C false, makes the statement “if H then C7 false.
By showing that H and not C leads to falsehood, we are showing that case 2
cannot occur. Thus, the only possible combinations of truth values for H and
C are the three combinations that make “if A then O7 tme.

1.3.4 Counterexamples

In real life, we are not told to prove & theorem, Rather, we are faced with some-
thing that seems true - a strategy for implementing a program for example ~-
and we need to decide whether or not the “theorem” is true. To resolve the
question, we may alternately try to prove the theorem, and if we cannot, try to
prove that its stateinent is false.

Theorems generally are statements about an infinite number of cases, per-
haps all values of its parameters. Indeed, strict mathematical convention will
only dignify a statement with the title “theorem” if it has an infinite number
of cases; statements that have no parameters, or that apply to only a finite
number of values of its parameter(s) are called observations. It is sufficient to
show that an alleged theorem is false in any one case in order to show it isnot a
theorewn. The situation is analogous to programs, since a program is generally
considercd to have a bug if it fails to operate correctly for even one input on
which it was expected to work.

It ofien is easier to prove that a statement is not a theorem than to prove
it #s a theorem. As we mentioned, if § is any statement, then the statcment
“S is not a theorem” is itself a statement without parameters, and thus can
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be regarded as an observation rather than a theorem. The following are two
examples, first of an obvious nontheoremn, and the second a statement that just
misses being a theorem and that requires some investigation before resolving
the question of whether it is a theorem or not.

Alleged Theorem 1.13: All primes are odd. (More formally, we might say:
if integer « is a prime, then x is odd.)

DISPROOF: The integer 2 is a prime, but 2 is even. O

Now, let us discuss a “theorem” involving modular arithmetic. There is an
essential definition that we must first establish. If ¢ and b are positive integers,
then a mod b is the remainder when a is divided by b, that is, the unique integer
r between 0 and b — 1 such that @ = ¢gb + r for some integer ¢q. For example,
8 mod 3 = 2, and 9 mod 3 = 0. Our first proposed theorem, which we shall
determine to be false, is:

Alleged Theorem 1.14: There is no pair of integers ¢ and b such that

eamod b=bmod ¢

When asked to do things with pairs of objects, such as a and b here, it is
often possible to simplify the relationship between the two by taking advantage
of symmetry. In this case, we can focus on the case where @ < b, since if b < a
we can swap ¢ and b and get the same equation as in Alleged Theorem 1.14.
we must be carcful, however, not to forget the third case, where a = b, This
case turns out to be fatal to our proof attempts.

Let us assume ¢ < b, Then @ mod b = ¢, since in the definition of ¢ mod b
we have ¢ = 0 and r = @. That is, when a < b we have ¢ = 0 x b + a. But
b mod a < a, since anything mod ¢ is between 0 and ¢ — 1. Thus, when a < 3,
b mod ¢ < @ mod b, 30 a mod b = b mod a is impossible. Using the argument
of symmetry above, we alsc know that ¢ mod b # b mod a when b < a.

However, consider the third case: a = b. Since £ mod z = 0 for any integer
z, we do have a mod b = b mod ¢ if @ = b. We thus have a disproof of the
alleged theorem:

DISPROOF: {of Alleged Theorem 1.14) Let ¢ = b = 2. Then
amodb=bmoda=0
O

In the process of finding the counterexample, we have in fact discovered the
exact conditions under which the alleged theorem holds. Here is the correct
version of the theorem, and its proof.

Theorem 1.15: a mod b = b mod ¢ if and only if @ = 5.
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PROOF: (If part) Assume a = b, Then as we observed above, x mod z = 0 for
any integer z. Thus, a mod b = b mod @ = 0 whenever a = .

(Only-if part) Now, assume a mod b = b mod a. The best technique is a
proof by contradiction, so assume in addition the negation of the canclusion;
that is, assume @ # b. Then since @ = b is eliminated, we have only to consider
the cases a < band b < a.

We already observed above that when ¢ < b, we have ¢ mod b = «¢ and
b mod @ < a Thus, these statements, in conjunction with the hypothesis
a mod & = b mod a lets us derive a contradiction.

By symmetry, if b < a then b mod @ = b and a mod b < b. We again derive
a contradiction of the hypothesis, and conclude the only-if part is also true. We
have now proved both directions and conclude that the theorem is true. U

1.4 Inductive Proofs

There is a special form of proof, called “inductive,” that is essential when dealing
with recursively defined objects. Many of the most familiar inductive proofs
deal with integers, but in automata theory, we also need inductive proofs about
such recursively defined concepts as trees and expressions of various sorts, such
as the regular expressions that were mentioned briefly in Section 1.1.2. In this
section. we shall introduce the subject of inductive proofs first with “simple”
inductions on integers. Then, we show how to perform “structural” inductions
on any recursively defined concept.

1.4.1 Inductions on Integers

Suppose we are given a statement S{n), about an integer n, to prove. One
common approach is to prove two things:

1. The basis, where we show S(i) for a particular integer i. Usually, ¢ =0
or i = 1, but there are examples where we want to start at some higher
i, perhaps because the statement S is false for a few small integers.

2. The inductive step, where we assume n > %, where 7 is the basis integer,
and we show that “if S(n) then S{n +1).”

Intuitively, these two parts should convince us that S(r) is true for every
integer n that is equal to or greater than the basis integer ¢. We can argue as
follows. Suppose S{n) were false for one or more of those integers. Then there
would have to be a smallest value of n, say j, for which S(j} is false, and yet
§ > 4. Now j could not be i, because we prove in the basis part that S(7) is
true. Thus, j must be greater than i. We now know that 7 —12> i, and S{j — 1)
1§ true.

However. we proved in the inductive part that if n > 7, then S{n) implies
S{n +1). Suppose we let n = j — 1. Then we know from the inductive step
that S(j — 1) implies S{j). Since we also know S(j — 1), we can conclude 5(j).
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We have assumed the negation of what we wanted to prove; that is, we
assumed 5(j) was false for some j > i. In each case, we derived a contradiction,
80 we have a “proof by contradiction” that S(n) is true for all n > 1.

Unfortunately, there is a subtle logical flaw in the above reasoning. Our
assumption that we can pick a least 7 > ¢ for which S(j) is false depends on
our believing the principle of induction in the first place. That is, the only way
to prove that we can find such a 7 is to prove it by a method that is essentially
an inductive proof. However, the “proof” discussed above makes good intuitive
sense, and matches our understanding of the real world. Thus, we generally
take as un integral part of our logical rcasoning system:

s The Induction Principle: 1f we prove 5(i) and we prove that for all n > 4,
S(n) implies S(n + 1), then we may conclude S(n) for all n > i.

The following two examptes illustrate the use of the induction principle to prove
theorems about integers.

Theorem 1.16: For all n > 0:

Z": 2= n(n + 1)6(271 +1) (L1)

PROOF: The proof is in two parts: the basis and the inductive step; we prove
each in turn.

BASIS: For the basis, we pick n = (. It might seem surprising that the theorem
even makes sense for n = 0, since the left side of Equation (1.1} is Z?=1 when
n = 0. However, there is a general principle that when the upper limit of a sum
(0 in this case) is less than the lower limit (1 here), the sum is over no terms
and therefore the sum is 0. That is, 3o, i° = 0.

The right side of Equation (1.1) is also 0, since 0x (0+1) x (2x0+1)/6 = 0.
Thus, Equation (1.1) is true when n = 0.

INDUCTION: Now, assume n > 0. We must prove the inductive step, that
Equation (1.1) implies the same formula with n + 1 substituted for n. The
latter formula is

IE] 2= [+ 1){n+1]+1){2r+1)+1)

= 5 (1.2)

We may simplify Equations (1.1) and (1.2) by expanding the sums and products
on the right sides. These equations become:

i i =(2n° +3n* + n)/6 (1.3)

i=1
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1

3 i = (20° + 9n® 4 130 + 6)/6 (1.4)

i=1
We need to prove (1.4} using (1.3), since in the induction principle, these are
statements S(n + 1) and S(n}, respectively. The “trick” is to break the sum
to nn + 1 on the right of (1.4) into a sum to n plus the (n + 1)st term. In that
way, we can replace the sum to n by the left side of (1.3) and show that (1.4)
is true. These steps are as follows:

(i ?:2) +{n+1)2 = (20 +9n? + 13n +6)/6 (1.5)

=1

(20% 4+ 3n2 + n)/6+ (n? + 20+ 1) = (20° + 9n? + 130 + 6)/6 (1.6)

The final verification that (1.6) is true requires only simple polynomial algebra
on the left side to show it is identical to the right side. O

Example 1.17: In the next example, we prove Theorem 1.3 from Section 1.2.1.
Recall this theorem states that if z > 4, then 2° > 2?. We gave an informal
proof based on the idea that the ratio x2/2% shrinks as z grows above 4. We
can make the idea precise if we prove the statement 2¥ > z? by induction on
z, starting with a basis of z = 4. Note that the statement is actually false for
T <4

BASIS: If £ = 4, then 27 and z? are both 16. Thus, 2! > 4% holds.

INDUCTION: Suppose for some z > 4 that 2% > z*. With this statement as
the hypothesis, we need to prove the same statement, with z + 1 in place of z,
that is, 21 > [z + 1]%. These are the statements S(z) and S(z + 1) in the
induction principle; the fact that we are using z instead of n as the parameter
should not be of concern; z or n is just a local variable.

As in Theorem 1.16, we should rewrite S{z + 1) so it can make use of S(z).
In this case, we can write 2(*+t1 a5 2 x 2%, Since S{(z) tells us that 2% > 22, we
can conclude that 2511 = 2 x 2% > 224,

But we need something different; we need to show that 27! > (z + 1)2
One way to prove this statement is to prove that 2z% > (z + 1)? and then use
the transitivity of > to show 2%F! > 222 > (z + 1)%. In our proof that

2% > (z + 1)? (1.7)
we may use the assumption that z > 4. Begin by simplifying (1.7):

2 >2r+1 (1.8)
Divide (1.8) by z, to get:
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Integers as Recursively Defined Concepts

We menticned that inductive proofs are useful when the subject matter is
recursively defined. However, our first examples were inductions on inte-
gers, which we do not normally think of as “recursively defined.” However,
there is a natural, recursive definition of when a number is a nonnegative
integer, and this definition does indeed match the way inductions on inte-
gers proceed: from objects defined first, to those defined later.

BASIS: 0 is an integer.

INDUCTION: If n is an integer, then so is n + 1.

> 2+ (1.9)
x

Since z > 4, we know 1/z < 1/4. Thus, the left side of (1.9) is at least
4, and the right side is at most 2.25. We have thus proved the truth of (1.9).
Therefore, Equations (1.8) and (1.7) are also true. Equation (1.7) in turn gives
us 22° > (2 + 1)? for = > 4 and lets us prove statement S(z + 1), which we
recall was 257! > (x + 1), O

1.4.2 More General Forms of Integer Inductions

Sometimes an inductive proof is made possible only by using a more general
scheme than the one proposed in Section 1.4.1, where we proved a statement S
for one basis value and then proved that “if S(n) then S{n+1)." Two important
generalizations of this scheme are:

1. We can use several basis cases. That is, we prove S{i},S(z + 1),...,3()
for some § > i.

2. In proving S(n + 1), we can use the truth of all the statecments
S@E),SE+1),...,5(n)

rather than just using S(n). Moreover, if we have proved basis cases up
to S(4), then we can assume n > j, rather than just n > i,

The conclusion to be made from this basis and inductive step is that S{n) is
true for alln > 4,

Example 1.18: The following example will illustrate the potential of both
principles. The statement S{n) we would like to prove is that if n > 8, then n
can be written as a sum of 3’s and 5's. Notice, incidentally, that 7 cannot be
written as a sum of 3's and 5's.






